Abstract. Let k be an imaginary quadratic field, h the complex upper half plane, and let τ ∈ h∩k, q = e πiτ . We find a lot of algebraic properties derived from theta functions, and by using this we explore some new algebraic numbers from Rogers-Ramanujan continued fractions.
Introduction
be the theta function for a, b ∈ C with |ab| < 1, which was defined by Ramanujan ( [5] , [20] ). If we set a = qe 2iz , b = qe −2iz for z ∈ C and τ ∈ h then f (a, b) = θ 3 (z, τ ), where θ 3 (z, τ ) is one of the classical theta series in its standard notation ( [30, p.464] ). Berndt proved many interesting formulas for the above theta functions in [4] , [5] , [6] , of which we list the following properties for later use: Using Berndt's idea, we explore some algebraic properties on the values of those theta functions(Lemma 2.2, Theorem 2.4).
In [17] , we found that q Ramanujan's lost notebook [21] has many important results on the RogersRamanujan continued fraction, and some of these have been proved by several people such as Andrews [1] , [2] , Berndt and Chan [9] , Berndt, Chan and Zhang [10] , Huang [12] , Kang [14] , [15] , and Son [28] , [29] . In Section 3, we find some algebraic numbers from Rogers-Ramanujan continued fractions and we also consider the algebraic properties for certain infinite products(Theorem 3.1 and Corollary 3.2).
On the other hand, Borwein and Zhou showed that if a is an integer greater than one, r and s are positive rational numbers such that 1 + a m r − a 2m s = 0 for all integers m ≥ 0, then 
where n is a positive integer.
with b mod d and |α| be the determinant of α, and
where
is an algebraic integer, which divides |α| 12 .
Proof. It is immediate.
(a) If n is an odd positive integer then
is an algebraic number where [a] denote the greatest integer less than or equal to a.
is also an algebraic number.
Proof. (a) Since n is an odd integer, so are n(n − 2r) and n(n + 2r). If we replace q by −q in (2.1), we can deduce the formula
and replacing q n by q in (2.1) attain the formula
Thus we derive by Lemma 2.0 and (2.4) that
If we set
Hence, multiplying 1 q
on both sides in the above, we see that (2.5)
is an algebraic number by (2.3) and Proposition 2.1.
On the other hand, we know that
24 and hence (2.6)
By Proposition 2.1, (2.5) and (2.6), we get the result. (b) It follows from (2.2) when we replace q n by q because the argument is quite similar to those adopted in (a).
(c) Let n = 6g + 1 be a positive integer. We see from [5, p.274 ] that
And, multiplying both sides by q −( n 2 −1 24n ) and using (2.3), we conclude that
is an algebraic number.
As for the case n = 6g − 1, we can get it in like manner.
Example 2.3. Put n = 5 in Lemma 2.2 (a). Then we see that
and
are algebraic numbers. Thus we can find an algebraic equation
are algebraic numbers, too as in [17] . 
) is an algebraic number with double signs in the same order.
are algebraic numbers, then
) are algebraic numbers with double signs in the same order.
If we multiply through (2.7) by q
we get by Proposition 2.1 and the assumption that
(b) It goes over the same argument as in (a).
(c) It follows from the fact that (2.8)
.
(d) For an integer N ≥ 6 and an integer r ≡ 0 (mod N ), let X r (τ ) be the function defined by
where K u,v (τ ) are Klein forms of level N ( [18] ). Ishida found in [13] that some polynomial
satisfies an affine singular model F (X 2 , X 3 ) = 0 for the modular curve X(N ). From this and the fact that q
) are algebraic numbers, we can find an algebraic equation for
) is an algebraic number.
Combining this fact and the Ishida's equation for F (X 2 , X 3 ) = 0, we readily get (e).
Example 2.5. In [17] , we showed that q 13 84 
It then follows from (2.3), (2.9), (2.12) and (2.13) that (2.14)
(1 + q m ) 
which was described by Rogers as a remarkable identity. And we know that
and q 23 60
are algebraic numbers ( [17] ). Thus we claim by (2.16) that (2.17)
is an algebraic number. And,
is an algebraic number. Hence (2.17) and (2.18) enable us to get a polyno- 
is an algebraic number. Moreover, it is not difficult to see that
is an algebraic number. 
is an algebraic number. Here we note that combining Slater identity A.14 ( [17] , [24] , [27] ) and Son's identity we can find a relation between sums and infinite products, i.e.,
Example 2.8. Slater found in [26] (or [3] ) that 
is an algebraic number and hence
is transcendental.
We showed in [17] that q 23 60
m=1
(1 + q 10m−1 )(1 + q 10m−9 ) and q
are algebraic numbers. Thus,
is an algebraic number, and so
And, by (2.3), Proposition 2.1 and Example 2.5 we derive that (2.20)
is an algebraic number. On the other hand, we know from [3] and [22] that
Hence, we claim by (2.20) and Example 2.5, that
are algebraic numbers. Therefore we obtain an equation g(X) = X 2 − HX + I satisfying g(q 
are algebraic numbers. Therefore, we conclude that q 
From the infinite products derived from theta functions we know that
is an algebraic number ( [17] ). Then by (2.21) we get that (2.22)
is an algebraic number and we can also check by Example 2.8 that (2.23)
is an algebraic number. Therefore, by (2.22) [27] ) and [17] concerning algebraic numbers for infinite sums, we obtain that (2.24) are algebraic numbers.
Rogers-Ramanujan identities
The Rogers-Ramanujan continue fraction, defined by
first appeared in a paper of Rogers ([23] ). Using such identities, Rogers proved that
By (2.9),
is an algebraic number. Let
From (3.1) and (3.2), it follows that T (q) is an algebraic number. Set
Note that the latter equality is known as Pentagonal number theorem.
and ζ = e 
Proof. (a) We know from [8] that
Since q
is transcendental ( [17] ) and R(q) is algebraic, we conclude that is an algebraic number. Replacing τ by 5τ , we conclude that q
is an algebraic number. The other case can be done in a similar way. 
is an algebraic number and
is a transcendental number with a ∈ Q−{0}.
Proof. It is immediate by Theorem 3.1 (c).
Remark. Let m be a positive integer not divisible by 5, ζ = e 2πi 5
and α = Hence, we get that 
